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Earlier (Romanenko and Pushkov, 1998, 2008;
Pushkov and Romanenko, 2000; Pushkov et al., 2006;
Romanenko et al., 2005, 2007; Romanenko, 2002),
the formulas for estimating the hydrodynamic forces
developed by a rigid wing oscillating in an inviscid
fluid with arbitrary amplitudes of linear and angular
oscillations and an arbitrary position of the axis of
rotation were derived. In these formulas, the compo�
nent of hydrodynamic forces that was determined by
the inductive reactance of the wing was calculated by
the top estimate (i.e., to the maximum) as follows:

(1)

where S is the wing area and vn is the normal velocity
of the wing. The inductive reactance coefficient is cal�
culated by the formula

(2)

It is shown that expressions (1) and (2) are suffi�
cient approximations in the calculations of the propul�
sive characteristics in cases of moderate aspect ratios
of the wing 2 ≤ λ ≤ 5 or when the percentage of induc�
tive reactance in the overall balance of hydrodynamic
forces is small. However, the problems associated with
the error of the estimates used depending on the shape
of the wing and kinematics remain to be solved. Previ�
ously, we derived the formulas for the inductive reac�
tance of the wing at harmonic pitch oscillations
(Pushkov et al., 2009). 

In this paper, we derived the formulas for the case of
harmonic oscillations of the angle of attack of the wing.

In this case, if the motion of the wing can be repre�
sented as the main motion with velocity U0 and super�
posed additional motion with small a low velocity and
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small displacements, the general expressions for the
projection of the hydrodynamic forces can be
expressed as follows (Nekrasov, 1947; Romanenko,
2001; Sedov, 1966):

(3)

Here, Γ = πb  is the associated circula�

tion (Pushkov and Romanenko, 2000), u* is the effec�

tive induced velocity determined by the presence of
the vortex wake of the wing, b is the wing chord, vn is
the normal velocity of the wing, ρ is the density of the
medium, λ22 is the associated mass of the wing, and ωz

is the angular velocity of the wing.
We are interested in the third term for the projec�

tion of the hydrodynamic force X in Eq. (3) as follows:
(4)

which is referred to as the inductive reactance.
It should be noted that Xi is in fact only a compo�

nent of the inductive reactance if it is determined by
the expression

When determining the considered component of
hydrodynamic forces Xi (4) (below, Xi is the inductive
reactance), the unknown quantity is the velocity u*. In
the case of a steady or quasi�steady motion of a wing
with a finite span, the vortex wake of the wing is deter�
mined mainly by the finiteness of the wing span.
Velocity u*, induced by the vortex wake, is less than vn
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in the absolute value. In this case, for aspect ratios 2 ≤
λ ≤ 5, the estimation of the inductive reactance from
the top gives very good results.

In the case of an infinite wing extension (the plane
problem considered), the vortex wake is generated by
the changes in the circulation in the presence of trans�
verse and angular oscillations of the wing. In this case,
u* can be either greater or smaller than vn, and Xi can
be either negative or positive, respectively (recall that
Xi is only a component of the inductive reactance).
Velocity u* in Eq. (4) can be determined from the ratio
for the heaving force (Pushkov and Romanenko,
2000) as follows:

(5)

and the expression for the heaving force through the
coefficients of hydrodynamic derivatives (Belotserk�
ovskii, 1958) is

(6)

Here, U is the instantaneous velocity of the incident
flow and α is the angle of attack. The dot over the sym�
bol denotes the time derivative.

Equating the right sides of Eqs. (5) and (6) yields

(7)

Equation (7) yields the following solution to u* (Push�

kov et al., 2009):

Here, all of the parameters are taken at the center of
the wing. There are known solutions for the coeffi�
cients of hydrodynamic derivatives (Belotserkovskii,
1958).

Let us apply these ratios to determine the relevant
components of the propulsive force and power (the
members including the inductive reactance) in the
case of harmonic changes in the angle of attack of the
wing and its linear oscillations.

Y λ2v
·

n– ρUΓ–=

=  λ22v
·

n– ρUπb vn
ωzb

4
�������– u*–⎝ ⎠

⎛ ⎞ ,–

Y ρU2b
2

���������� Cy
αvn

U
����– Cy

α
· v

·
nb

U2
�������– Cy

ωzωzb

U
������� Cy

ω
·

zω· zb
2

U2
���������+ +

⎝ ⎠
⎜ ⎟
⎛ ⎞

.=

ρU2b
2

���������� Cy
αvn

U
����– Cy

α
· v

·
nb

U2
�������– Cy

ωzωzb

U
������� Cy

ω
·

zω· zb
2

U2
���������+ +

⎝ ⎠
⎜ ⎟
⎛ ⎞

=  λ22v
·

n– ρUπb vn
ωzb

4
�������– u*–⎝ ⎠

⎛ ⎞ .–

u* vn
vn

2π
�����Cy

α–
ωzb

2π
�������Cy

ωz ωzb

4
�������–

λ22v
·

n

ρπbU
�����������+ +=

– v
·

nb
2πU
��������Cy

α
· ω· zb

2

2πU
���������Cy

ω
·

z.+

The expression for the propulsive force of the wing
was derived earlier (Romanenko and Pushkov, 2008):

(8)

Here, m* = λ22.
Equation (8) can be represented in the form of pro�

pulsive coefficients as follows:

(9)

The following expression was obtained for the power:

where

Hereinafter,  is the propulsive force, Fyc is the ver�
tical force, Mzc is the moment, λ22 is the associated
mass of the wing, vnc is normal velocity, ρ is the density
of the medium, θc is the angle between the incident
flow on the wing and the horizontal axis, C is the reac�
tance coefficient of the wing, Uc is the instantaneous
velocity of the incident flow on the wing, Xic is the
inductive reactance of the wing, b is the wing chord,

and S is the wing area (one side).    and

 are the aerodynamic derivatives, and  
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ovskii, 1958). The presence of index “c” means that
the values were recalculated to the center of the wing.

One component of the propulsive coefficient,
which includes the inductive reactance, has the fol�
lowing form:

(10)

Below, ϑ is the pitch to the horizontal axis.
Hence, having expanded expression (10), we

obtain the equation

(11)

Factor 2πD1–2πD10 are given elsewhere (Pushkov et al.,
2009).

Consider the case of harmonic linear oscillations of
an infinite wing and its angle of attack. In this case, y =
y0sinωt and α = α0cosωt; the phase shift between the
linear and angular oscillations was assumed to be 90°.
Variables in expression (11) have the following form:

where Vy1 = (t), ωz = (t), and y(t) are vertical oscil�
lations of the wing (dots over the symbol denote the
time derivatives). The pitch of the wing to the horizon�
tal axis (ϑ) is set by the expression

ϑ = θ1 – α1.
The pitch of the wing does not have index c, since

it is the same at all points of the wing, including point x1
(see the figure in (Pushkov and Romanenko, 2000)).
Therefore, it is determined by the kinematic parame�
ters of this particular point, i.e., by the instantaneous
angle of the incoming flow θ1 and the angle of attack
α1 at x1. Values sinϑ and cosϑ in formulas (3) and (4),
with allowance for (5) and the smallness of the angle of
attack, can be written in the form
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One of the components of the power factor, which
includes the inductive reactance, has the form

CP6 = (13)

Expanding expression (13), we obtain
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I6–1–4 = J5–1–3.
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CP6 = 0.

In the above formulas, X is the relative distance
from the axis of rotation to the center of the wing (X =
x/b), x is the absolute distance from the axis of rotation
to the center of the wing (positive if the axis of rotation
is located closer to the back edge and negative if the

axis is closer to the frontal edge), λP =  y0 is the

amplitude of linear oscillations of the wing, ω = 2 πf,
and f is frequency.
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